Introduction
Understanding and computing volumes of hyperbolic manifolds and orbifolds is a rich and fascinating subject. There are for instance deep connections with number theory, more specifically special values of arithmetic functions such as Dedekind ζ-functions, Dirichlet L-functions and polylogarithms (see [Za] , [K2] , Prasad's volume formula from [P] as used in the hyperbolic case in [Be] and [BE] ).
In general, finding the volume of a hyperbolic manifold or orbifold is a difficult problem. However in even dimensions the Gauss-Bonnet-Chern theorem asserts that hyperbolic volume is a multiple of Euler-Poincaré characteristic (see section 3). Therefore, if one can compute the Euler characteristic of a hyperbolic manifold or orbifold (for instance if one knows a cell decomposition for it) then its volume is easily computed. Hyperbolic Coxeter groups form a large class of groups for which a cell decomposition of the quotient orbifold is known, and is in fact contained in the Coxeter diagram data (see sections 2 and 3). Indeed, by results of Vinberg, the faces of a hyperbolic Coxeter polyhedron correspond to the elliptic subdiagrams of its Coxeter diagram, with such a subdiagram giving the stabilizer of the corresponding face. Moreover, hyperbolic Coxeter polyhedra are simple (in the sense that links of faces are simplices), so that the dimension of each face is as expected (in other words, the walls of the polyhedron intersecting along that face are in general position). This means that one can compute the (orbifold) Euler characteristic of the quotient of hyperbolic space H n by a hyperbolic Coxeter group Γ by the formula:
where D Γ is the Coxeter diagram of Γ, and the sum is taken over all elliptic subdiagrams D Γ ′ (not necessarily connected) of D Γ . One then obtains in even dimensions n = 2m the volume of the corresponding Coxeter polyhedron P Γ by the Gauss-Bonnet-Chern theorem:
We give the necessary background on Coxeter groups, their polyhedra and diagrams in section 2, on Euler characteristic and volume in section 3, and give examples of computations in low dimensions (4 and 6) in section 4.
These results are all well-known, especially to specialists; see for instance [ACT] , and [K1] , [Ze] for a related method, more complicated but more efficient. The latter uses Schläfli's reduction formula, which only requires knowing the faces whose dimension is of same parity as the dimension of the polyhedron (as opposed to the Euler characterstic, which requires knowing all faces). This becomes more and more relevant as the dimension increases, and in practice we find it better in dimensions 8 and above.
The point of this note is to give a self-contained exposition of this simple case, accessible to a wider mathematical audience. Moreover the volume computations for the non-arithmetic examples Γ 4 and Γ 5 in dimensions 4 and 6 found in sections 4.2 and 4.3 are new, as far as I know. The volume of the polyhedron corresponding to Γ 3 was computed in [K1] .
I would like to thank Daniel Allcock for providing a copy of Ruzmanov's paper [R] , with translation by Eugene Tevelev.
Coxeter polyhedra and diagrams
Let X denote one of the 3 model spaces of constant curvature, X = S n , E n or H n . A polyhedron in X is a subset P of X which is bounded by finitely many hyperplanes, in other words P is the intersection of finitely many closed half-spaces. A wall of P is a hyperplane H such that P ∩ H has dimension n − 1. In that case we will say that P ∩ H is a (maximal) face of P ; in turn this polyhedron of dimension n − 1 has faces, and inductively this defines the set of all faces of P . (Alternatively, in such a constant curvature space one can also construct P from the bottom up, by taking convex hulls of vertices). To avoid all confusion we will call k-face of P any of its faces of dimension k.
A Coxeter polyhedron in X is a polyhedron P all of whose dihedral angles are submultiples of π. (This means that if H i and H j are 2 walls of P , then either they are disjoint or at any intersection point their outward-pointing normals form an angle of measure π − π/m ij where m ij ∈ N ∪ {∞}). The point of this condition is that the reflections in the walls of such a polyhedron generate a discrete group of isometries of X, for which P is a fundamental polyhedron. More explicitly, if S 1 , ..., S k denote the walls of P and r 1 , ..., r k the reflections in them, then Γ = r 1 , ..., r k is a discrete subgroup of Isom(X). In fact such a Γ is a Coxeter group in the sense that it admits the presentation (adopting the convention that m ii = 2 for all i):
A convenient way to encode the information about such a Coxeter group Γ is by means of the associated Coxeter diagram D Γ ( [Co] ) which is a graph with labeled edges, constructed as follows. The vertices of D Γ correspond to the generating reflections r 1 , ..., r k ; two distinct vertices corresponding to r i and r j are joined by an edge if (a) m ij 3, in which case the edge is labeled m ij (alternatively, an edge of multiplicity m ij − 2 is drawn), or (b) by a bold (resp. dotted) edge if the walls of r i and r j are parallel (resp. ultraparallel), in the hyperbolic case. The point of this convention is that connected components of D Γ correspond to irreducible factors of Γ. Examples of Coxeter diagrams can be found in section 4.
The numbers m ij also determine a quadratic form via a symmetric matrix called the Gram matrix of the polyhedron or group. Namely, if Γ is generated by the k reflections r 1 , ..., r k with m ij as above, then the Gram matrix of Γ is the symmetric k × k matrix with 1's on the diagonal and (i, j)-entry equal to − cos(π/m ij ) (resp. − cosh d(H i , H j ) if the walls H i and H j are parallel or ultraparallel). This is the Gram matrix of the outward-pointing normal vectors to the walls of P . One can then define invariants such as the determinant, rank, signature of P (or Γ or D Γ ) as the corresponding invariant of its Gram matrix. Accordingly, we will say that D Γ is hyperbolic if its Gram matrix is of signature (n, 1) for some n 1, parabolic if it is positive semidefinite (but not definite), and elliptic if it is positive definite. Note that elliptic and parabolic Coxeter diagrams were classified by Coxeter in 1934 ([Co] ), whereas no such classification is known for hyperbolic diagrams (except the case of hyperbolic simplex groups and various cases with fixed number of maximal faces, as in [T] ).
Vinberg has however proved the following general existence result for acute-angled hyperbolic polyhedra (Theorem 2.1 of [V2] ):
Theorem 2.1 (Vinberg) Let G be an indecomposable symmetric matrix of signature (n, 1) with 1's on the diagonal and non-positive entries off it. Then there exists a convex polyhedron in H n whose Gram matrix is G, and this polyhedron is unique up to isometry.
The Gram matrix represents a quadratic form on R k which is preserved by the so-called "geometric representation" (by Bourbaki, [Bo] and Humphreys, [Hu] ). More relevant from our point of view is the representation that we started with (of Γ in Isom(H n ) < PGL(n+1, R) arising from the polyhedron P in H n ). These representations coincide only when the polyhedron is a simplex, that is when the Gram matrix has maximal rank.
Euler characteristic and volume
Let M be a manifold modelled on X, in the sense that M = Γ\X, with Γ a (torsion-free) discrete subgroup of Isom(X). Then M inherits a volume form dVol from that of X. In the case where n = dim X is even (n = 2m) and M is compact, the celebrated Gauss-BonnetChern theorem (see [Sp] ) asserts that:
where K n denotes the Gaussian curvature of M (the product of principal curvatures) and χ(M) the Euler characteristic of M. In the constant curvature case one has K n = 1 for X = S n , K n = 0 when X = E n and K n = (−1) m when X = H 2m . Focusing on the hyperbolic case, one obtains for a compact hyperbolic manifold of even dimension n = 2m:
This proportionality relation between volume and Euler characteristic has been extended in several directions:
• for noncompact, finite-volume hyperbolic manifolds, (1) holds as is (see [G] and [KZ] ).
• in the complex hyperbolic case (where X = H n C , the simply connected manifold with a Kähler metric of constant holomorphic curvature, but nonconstant sectional curvature), relation 1 holds with a different constant, C(n) = (−1) m π m 2 n (m+1)!
. In this setting it is also known as the Hirzebruch proportionality principle (see [Hi] and [M] ).
• when M is only an orbifold, i. e. a finite quotient of a manifold (alternatively, in our setting, M = Γ\X, with Γ a discrete subgroup of Isom(X) which may have torsion), relation (1) also holds, replacing χ(M) with χ orb (M), the so-called orbifold Euler characteristic, which is simply defined by extending χ to orbifolds by declaring that it is multiplicative on covers. (The orbifold version of (1) then follows, as volume is also multiplicative on covers).
In practice the orbifold Euler characteristic can be computed from a cellular decomposition of M in much the same way as the usual Euler characteristic. However one needs more information, namely the orders of the face stabilizers in the orbifold fundamental group Γ. More precisely, let M = Γ\X, with Γ a discrete subgroup of Isom(X), and suppose that P ⊂ X is a fundamental polyhedron for the action of Γ on X. In particular, the maximal faces of P are identified in pairs by elements of Γ (the side-pairings), and these side-pairings induce identifications of the lower-dimensional faces of P as well. Then M is homeomorphic (and in fact isometric) to the quotient space of P by the face identifications.
For k = 0, ..., n denote by F k the set of orbits of k-faces of P under Γ (these are the faces of the cellular decomposition of M). Two faces in the same orbit have conjugate stabilizers in Γ; in particular the order of this stabilizer is well-defined along orbits. It can then easily be checked that by the above definition:
For Coxeter polyhedra the maximal faces are paired with themselves and there are no nontrivial face identifications. This means that in practice, one only needs to know the orders of the face stabilizers. This can be directly read from the Coxeter diagram by the following fact, due to Vinberg (Theorems 3.1 of [V2] ):
Theorem 3.1 (Vinberg) The faces of a hyperbolic Coxeter polyhedron are in one-to-one correspondence with the elliptic subdiagrams of its Coxeter diagram. Moreover the elliptic subdiagram corresponding to a given face is the Coxeter diagram of its stablilizer, and the order of the subdiagram is the codimension of the face.
This result implies the following expression for the orbifold Euler characteristic of a hyperbolic Coxeter group Γ of rank n+1, where the sum is taken over all elliptic subdiagrams 
Examples
In practice, given a Coxeter diagram D we need a systematic way of listing all elliptic subdiagrams of D (the dangers are forgetting any or overcounting). We have chosen to remove vertices from right to left, in lexicographic order (adapting the ordering of vertices slightly when D has branch points). We give all the details in the first example (in the form of a table), the others being analogous. We start with the simplest case of a simplex in H 4 , with one compact and one non-compact example, then give two 4-dimensional and one 6-dimensional non-arithmetic examples.
Simplices in H 4
We consider the group Γ 1 whose Coxeter diagram is pictured in Figure 2 ; the corresponding polyhedron is a compact simplex in H 4 . Its volume was first computed in [K1] .
Dimension of face Elliptic subdiagram Order of face stabilizer 0
• ( We now consider the group Γ 2 whose Coxeter diagram is pictured in Figure 2 ; the corresponding polyhedron is a non-compact simplex in H 4 . Its volume was first computed in [K1] . The groups Γ 3 and Γ 4 are examples of non-arithmetic Coxeter groups in Isom(H 4 ) taken from [V1] , the former cocompact and the latter non-cocompact (see Coxeter diagrams in Figures 3 and 4) . The covolume of Γ 3 was first computed in [K1] . In [R] Ruzmanov constructed examples of non-arithmetic finite-volume Coxeter polyhedra in H n for 6 n 10. We now compute the Euler characteristic of his 6-dimensional Coxeter group, which we denote Γ 5 (see Coxeter diagram in Figure 5 ) This group also appears in [T] as it has 8=6+2 maximal faces. 
